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BERGMAN KERNELS AND LOCAL HOLOMORPHIC
MORSE INEQUALITIES.
ROBERT BERMAN
Abstrat. Let (X,ω) be a hermitian manifold and let Lk be a high
power of a hermitian holomorphi line bundle over X. Loal versions
of Demailly's holomorphi Morse inequalities (that give bounds on the
dimension of the Dolbeault ohomology groups assoiated to Lk), are
presented - after integration they give the usual holomorphi Morse
inequalities. The loal weak inequalities hold on any hermitian manifold
(X,ω), regardless of ompatness and ompleteness. The proofs, whih
are elementary, are based on a new approah to pointwise Bergman
kernel estimates, where the kernels are estimated by a model kernel in
Cn.
1. Introdution
Let X be an n−dimensional (possibly non-ompat) omplex manifold
equipped with a hermitian metri two-form, denoted by ω. Furthermore,
let L be a holomorphi line bundle over X. The hermitian ber metri on
L will be denoted by φ. In pratie, φ is onsidered as a olletion of loal
funtions. Namely, let s be a loal holomorphi trivializing setion of L,
then loally, |s(z)|2φ = e−φ(z), and the anonial urvature two-form of L an
be expressed as ∂∂φ.1 When X is ompat Demailly's holomorphi Morse
inequalities [5℄ give asymptoti bounds on the dimension of the Dolbeault
ohomology groups assoiated to Lk :
(1.1) dimCH
0,q
∂
(X,Lk ⊗E) ≤ kn (−1)
q
πn
1
n!
∫
X(q)
(
i
2
∂∂φ)n + o(kn),
where X(q) is the subset of X where the urvature-two form ∂∂φ has ex-
atly q negative eigenvalues and n − q positive ones. These are the weak
holomorphi Morse inequalities - they also have strong ounterparts in-
volving alternating sums of the dimensions. Demailly's inspiration ame
from Witten's analytial proof of the lassial Morse inequalities for the
Betti numbers of a real manifold [17℄, where the role of the ber metri φ
is played by a Morse funtion. Subsequently, proofs based on asymptoti
estimates of the heat kernel of the ∂− Laplaian, were given by Demailly,
Bouhe and Bismut ([6℄, [4℄ and [2℄). All of these proofs use quite deliate
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The normalized urvature two-form
1
pi
i
2
∂∂φ represents c1(L), the rst Chern lass of
L, in real ohomology.
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analytial arguments - heat kernel estimates and global estimates dedued
from the Bohner-Kodaira-Nakano identity for non-Kähler manifolds. In
the present paper it is shown that Demaillys inequalities, may be obtained
from omparatively elementary onsiderations. The starting point is the
formula
(1.2) dimCH
0,q
∂
(X,Lk) =
∫
X
∑
i
|Ψi(x)|2 ,
where {Ψi} is any orthonormal base for the spae of ∂−harmoni (0, q)−forms
with values in Lk), when X is ompat (this is obvious for the dimension of
the harmoni spae - and by the Hodge theorem the dimensions oinide).
It is shown that the integrand, alled the Bergman kernel funtion Bq,kX (x),
may be asymptotially estimated by a model kernel in Cn. Integration then
yields Demailly's weak inequalities and a similar argument gives the strong
inequalities. The main point of the proof is to rst show the orrespond-
ing loalization property for the losely related extremal funtion Sq,kX (x)
dened as
sup
|α(x)|2
‖α‖2X
,
where the supremum is taken over all ∂−harmoni (0, q)−forms with values
in Lk. Sine the estimates are purely loal, they hold on any (possibly
non-ompat) omplex manifold, and yield loal weak holomorphi Morse
inequalities for the orresponding L2−objets. The main inspiration for
the present paper omes from Berntsson's reent artile [1℄.
One nal remark: it is fair to say that the formula 1.2 is the starting point
for the previous writers approahes to Demailly's inequalities, as well. The
heat kernel approah is based on the observation that the term orrespond-
ing to the zero eigen value in the heat kernel on the diagonal eq,k(x, x; t) is
preisely the Bergman kernel funtion Bq,kX (x) (if X is ompat). Moreover,
when t tends to innity the ontribution of the the other eigen values tends
to zero. The main problem, then, is to obtain the asymptoti expression
for the heat kernel in k and t and investigate the interhanging or the lim-
its in k and t. The point of the present paper is to work diretly with the
Bergman kernel.
1.1. Statement of the main result. Reall that the ∂−Laplaian is de-
ned by ∆∂ := ∂∂
∗
+∂
∗
∂ (where ∂
∗
denotes the formal adjoint of ∂) and its
L2−kernel is the spae of harmoni (0, q)-forms with values in Lk, denoted
by H0,q(X,Lk). By the well-known Hodge theorem this spae is isomor-
phi to the Dolbeault ohomology group H0,q
∂
(X,Lk), when X is ompat.
Now dene the Bergman kernel funtion Bq,kX (x) and the extremal funtion
Sq,kX (x) of Hq(X,Lk) by
Bq,kX (x) :=
∑
i
|Ψi(x)|2 , Sq,kX (x) := sup
|α(x)|2
‖α‖2X
,
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where {Ψi} is any orthonormal base in Hq(X,Lk) and the supremum is
taken over all forms in Hq(X,Lk). To dene the orresponding model
funtions at a point x in X, Bqx,Cn and S
q
x,Cn, proeed as before, replaing
the manifold X with Cn, the base metri in X with the Eulidean metri
in Cn and the ber metri φ on L with the ber metri φ0 on the trivial
line bundle over Cn, where
φ0(z) =
n∑
i=1
λi,x |zi|2 ,
and where the urvature two-form ∂∂φ0 in C
n
is obtained by freezing
the urvature two-form ∂∂φ on X, at the point x (with respet to on or-
thonormal frame at x).2 Finally, denote by X(q) the subset of X where
the urvature-two form ∂∂φ has exatly q negative eigenvalues and n − q
positive ones. Its harateristi funtion is denoted by 1X(q). Moreover, let
X(≤ q) := ⋃0≤i≤qX(i).
The rst theorem we shall prove is a loal version of Demailly's weak
holomorphi Morse inequalities. Note that the manifold X is not assumed
to be ompat, neither is there any assumption, e.g. ompleteness, on the
hermitian metri ω.
Theorem 1.1. Let (X,ω) be a hermitian manifold. Then
lim sup
k
1
kn
Bq,kX (x) ≤ Bqx,Cn(0), lim supk 1knSq,kX (x) ≤ Sqx,Cn(0) ,
and
Bqx,Cn(0) = S
q
x,Cn(0) =
1
πn
1X(q)
∣∣∣∣detω( i2∂∂φ)x
∣∣∣∣
Moreover,
lim
k
1
kn
Bq,kX (x) = lim
k
1
kn
Sq,kX (x)
if one of the limits exists.
This seems to be a new result. The inequality for Sq,kX (x) generalizes
results of Bouhe [4℄ and Gillet, Soulé, Gromov [8℄, that are non-loal and
onern ompat manifoldsX. Integration of the inequality for the Bergman
kernel gives Demailly's weak inequalities 1.1.
When X is ompat the loal Morse inequalities an be extended to an
asymptoti equality as follows. Let Bq,k≤νk be the Bergman kernel funtion
of the spae spanned by all the eigenforms of the ∂−Laplaian, whose
eigenvalues are bounded by νk.
Theorem 1.2. Let (X,ω) be a ompat hermitian manifold. Then
lim
k
k−nBq,k≤µkk(x) =
1
πn
1X(q)
∣∣∣∣detω( i2∂∂φ)x
∣∣∣∣ ,
2
Equivalently: the λi,x are the eigenvalues of the urvature two-form of L with respet
to on orthonormal frame at x.
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for some sequene µk tending to zero.
Again, integrating this yields, with the help of a well-known homolog-
ial algebra argument Demailly's strong holomorphi Morse inequalities
3
.
When the urvature of the line bundle L is stritly positive the asymptoti
equality holds for the usual Bergman kernel for the spae of holomorphi
setions of Lk. This was rst proved by Tian [18℄) with a ertain ontrol on
the lower order terms in k. A omplete asymptoti expansion was given in
[19℄ using miroloal analysis. See also [13℄ where the manifold is C
n
and
[3℄ where the omplex struture is non-integrable.
Remark 1.3. The two theorems have straight forward generalizations to the
ase where the forms take values in Lk ⊗ E, for a given rank r hermitian
holomorphi vetor bundle E over X. The estimate for the extremal fun-
tion Sq,kX is unaltered, while the results for the Bergman kernel funtion
Bq,kX are modied by a fator r in the right hand side.
Notation 1.4. The notation a ∼ (.)b will stand for a = (≤)Ckb, where Ck
tends to one with k.
1.2. A sketh of the proof of the loal weak holomorphi Morse
inequalities. First we we will show how to obtain the estimate
(1.3) lim sup
k
k−nSq,kX (x) ≤ Sqx,Cn(0)
By denition, there is a unit norm sequene αk of harmoni forms with
values in Lk suh that
lim sup
k
k−nSq,kX (x) = lim sup
k
k−n |αk(x)|2
Now onsider the restrition of the the form αk(x) to a ball BRk with enter
in the point x and with radius Rk dereasing to zero with k. The main point
of the proof is that the form αk is asymptotially harmoni, with respet to
a model ber metri, on a ball of radius slightly larger than
1√
k
and is then
a andidate for the orresponding model extremal funtion. Indeed, we an
arrange that the ber metri kφ on the line bundle Lk an be written as
kφ(z) = k(
∑n
i=1 λi |zi|2 + kO(|z|3))
in loal oordinates around x. The form β(k) := k−
1
2
nα(k), dened on the
saled ball B√kRk , where α
(k)(z) denotes the (omponent wise) saled form
α( z√
k
), satises
lim sup
k
k−nSq,k(x) = lim sup
k
∣∣β(k)(0)∣∣2 .
3
Just as in the papers of Demailly, Bouhe and Bismut ([6℄,[4℄ and [2℄). In fat, the
idea of using the low-energy spetrum was introdued in Witten's seminal paper [17℄.
A similar tehnique is used in the heat equation proof of Atiyah-Singer's index theorem.
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Moreover, β(k) is harmoni with respet to the saled Laplaian ∆
(k)
∂
, taken
with respet to the saled ber metri (kφ)(k)on Lk :
(kφ)(k)(z) =
n∑
i=1
λi |zi|2 + 1√
k
O(|z|3)
The point is that the saled ber metri onverges to the quadrati model
ber metri φ0 in C
n, whith an appropriate hoie of the radii Rk. As a on-
sequene the operator ∆
(k)
∂
onverges to the model Laplaian ∆∂,φ0. Stan-
dard tehniques for ellipti operators then yields a subsequene of forms
β(kj) onverging to a form β dened in all of Cn, whih is harmoni with
respet to the model Laplaian. This means that
lim sup
k
k−nSq,k(x) = |β(0)|2 ≤ Sqx,Cn(0),
proving 1.3. Finally, lemma 2.1, relating Sq,k(x) and the Bergman ker-
nel funtion Bq,k(x), is used to dedue the orresponding estimate for the
Bergman kernel funtion. All that remains is to ompute the Bergman
kernel and the extremal funtion in the model ase (setion 4).
2. The Bergman kernel funtion B(x) and the extremal
funtion S(x).
In setion 1.1 the Bergman kernel funtionBq,kX and the extremal funtion
Sq,kX were dened. We will also have use for omponent versions of S
q,k
X . For
a given orthonormal frame eIx in
∧0,q
x (X,L
k) let
Sq,kX,I(x) := sup
|αI(x)|2
‖α‖2X
,
where αI(x) denotes the omponent of α along e
I
x. It will be lear from
the ontext what frame is being used. These funtions are losely related
aording to the following, simple, yet very useful lemma. Its statement
generalizes a lemma used in [1℄ (see also [12℄).
Lemma 2.1. Let L be a hermitian holomorphi line bundle over X. With
notation as above
Sq,kX (x) ≤ Bq,kX (x) ≤
∑
I
Sq,kX,I(x)
Proof. To prove the rst inequality in the statement, take any α inH0,q(X,Lk)
of unit norm. Sine α is ontained in an orthonormal base, obviously
|α(x)|2 ≤ B(x), whih proves the rst inequality. For the seond inequal-
ity, let {Ψi} be an orthonormal base for H0,q(X,Lk), so that Bq,kX (x) :=∑
i |Ψi(x)|2 =
∑
i,J |ΨiJ(x)|2 . Fix a J and let ci := ΨiJ(x). Then, summing
6 ROBERT BERMAN
only over i, gives
∑
i
∣∣ΨiJ(x)∣∣2 =∑
i
ciΨ
i
J(x) = αJ(x)
(∑
i
|ci|2 ,
)1/2
where α =
∑
i
ci
(
∑
i|ci|2,)
1/2
i
Ψi lies in Hq(X,Lk) and is of unit norm. Thus,
(∑
i
∣∣ΨiJ(x)∣∣2
)1/2
= αJ(x) =
|αJ(x)|
‖α‖ ≤ SJ(x)
1/2.
Finally, squaring the last relation and summing over J proves the seond
inequality. 
3. The Weak Holomorphi Morse Inequalities
In this setion we prove the loal version of Demailly's holomorphi Morse
inequalities over any omplex manifold X. The usual version is obtained as
a orollary. Around eah point x in X, x loal omplex oordinates {zi}
and a holomorphi trivializing setion s of L suh that4
ω(z) = i
2
∑
i,j hij(z)dzi ∧ dzj , hij(0) = δij
and
|s(z)|2 = e−φ(z), φ(z) =∑ni=1 λi,x |zi|2 +O(|z|3),
where the quadrati part of φ is denoted by φ0. Note that in the loal
oordinates the base metri ω oinides with the Eulidean metri at the
origin. Moreover, we have the identities,
λ1,xλ2,x · · · λn,xV ol(X,ω) = detω( i
2
∂∂φ)xV ol(X,ω) =
1
n!
(
i
2
∂∂φ)n.
The following notation will be useful. Let BR := {z : |z| < R} in Cn and
let Rk :=
lnk√
k
. Using the loal hart around x, a (small) ball BR is identied
with a subset of X . Given a funtion f on the ball BRk , we dene a saled
funtion on B√kRk by
f (k)(z) := f(
z√
k
)
Forms are saled by saling the omponents. Observe that saling the ber
metri on Lk gives
(3.1) (kφ)(k)(z) =
n∑
i=1
λi |zi|2 + 1√
k
O(|z|3)
4
this is always possible; see [16℄.
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whih motivates the hoie of saling. The radius Rk :=
lnk√
k
has been hosen
to make sure that the ber metri on Lk tends to the quadrati model ber
metri φ0 with all derivatives on saled balls, i.e.
(3.2) sup
|z|≤√kRk
∣∣∂α((kφ)(k) − φ0)(z)∣∣→ 0,
where the onvergene is of the order
1√
k
to some power, whih follows
immediately from the expansion 3.1. Moreover,
√
kRk tends to innity, so
that the sequene of saled balls B√kRk exhausts C
n. Let us denote by ∆
(k)
∂
the Laplaian, taken with respet to the saled ber metri (kφ)(k) and the
saled base metri ω(k). One an hek that
(3.3) ∆
(k)
∂
α =
1
k
(∆∂α)
(k).
Hene, if αk is a form with values in Lk, whih is harmoni with respet to
the global Laplaian, i.e ∆∂α
k = 0, then the saled form α(k) saties
∆
(k)
∂
α(k) = 0,
on the saled ball B√kRk . Moreover, beause of the onvergene property
3.2 it is not hard to hek that
(3.4) ∆
(k)
∂
= ∆∂ + ǫkDk,
where Dk is a seond order partial dierential operator with bounded vari-
able oeeients on the saled ball B√kRk and ǫk is a sequene tending to
zero with k (in fat, all the derivatives of the oeients of Dk are uni-
formly bounded). It also follows from 3.2 that for any form αk with values
in Lk,
(3.5) ‖αk‖BRk ∼ k
−n ∥∥α(k)∥∥
φ0,
√
kRk
,
where the fator k−n omes from the hange of variables w = z√
k
in the
integral.
The proof of the following lemma is based on standard tehniques for
ellipti operators.
Lemma 3.1. For eah k, suppose that β(k) is a smooth form on the ball
B√kRk suh that ∆
(k)
∂
β(k) = 0. Identify β(k) with a form in L2φ0(C
n) by
extending with zero. Then there is onstant C independent of k suh that
sup
z∈B1
∣∣β(k)(z)∣∣2
φ0
≤ C ∥∥β(k)∥∥2
φ0,B2
Moreover, if the sequene of norms
∥∥α(k)∥∥2
φ0,Cn
is bounded, then there is
a subsequene of
{
β(k)
}
whih onverges uniformly with all derivatives on
any ball in C
n
to a smooth form β, where β is in L2φ0(C
n).
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Proof. Fix a ball BR, of radius R in C
n. By Gårding's inequality for the
ellipti operator (∆
(k)
∂
)m, we have the following estimates for the Sobolev
norm of β(k)on the ball BR with 2m derivatives in L
2 :
(3.6)
∥∥β(k)∥∥2
BR,2m
≤ CR,k
(∥∥β(k)∥∥2
B2R
+
∥∥∥(∆(k)
∂
)mβ(k)
∥∥∥2
B2R
)
,
for all positive integers m. Sine ∆
(k)
∂
onverges to ∆∂,φ0 on the ball B2 it
is straight forward to see that CR,k may be taken to be independent of k.
Hene, for all positive integers m,∥∥β(k)∥∥2
B1,2m
≤ C ∥∥β(k)∥∥2
B2
and the ontinuous injetion L2,k →֒ C0, k > n, provided by the Sobolev
embedding theorem, proves the rst statement in the lemma. To prove the
seond statement assume that
∥∥α(k)∥∥2
φ0,Cn
is uniformly bounded in k. Then
3.6 shows that ∥∥β(k)∥∥2
BR,2,2m
≤ DR
Sine this holds for any m ≥ 1, Rellih's ompatness theorem yields, for
eah R, a subsequene of
{
β(k)
}
, whih onverges in all Sobolev spaes
L2,k(BR) for k ≥ 0. The ompat embedding L2,k →֒ C l, k > n+ 12 l, shows
that the sequene onverges in all C l(BR). Choosing a diagonal sequene,
with respet to a sequene of balls exhausting C
n, nishes the proof of the
lemma. 
Before turning to the proof of the loal weak holomorphi Morse inequal-
ities, theorem, we state the following fats about the model ase, that will
be proved in the following setion:
Bqx,Cn(0) = S
q
x,Cn(0) =
1
πn
1X(q)(x)
∣∣∣∣detω( i2∂∂φ)x
∣∣∣∣ .
Moreover, suppose that the rst q eigenvalues of the quadrati form φ0 are
negative and the rest are positive (whih orresponds to the ase when x
is in X(q)). Then
(3.7) SqI,x,Cn(0) = 0,
unless I = (1, 2, ..., q).
Theorem 3.2. Let (X,ω) be a hermitian manifold. Then the Bergman
kernel funtion Bq,kX and the extremal funtion S
q,k
X of the spae of global
∂−harmoni (0, q) forms with values in Lk, satisfy
lim supk B
q,k
X (x) ≤ knBqx,Cn(0), lim supk Sq,kX (x) ≤ knSqx,Cn(0) ,
where
Bqx,Cn(0) = S
q
x,Cn(0) =
1
πn
1X(q)
∣∣∣∣detω( i2∂∂φ)x
∣∣∣∣
and limk
1
kn
Bq,kX (x) = limk
1
kn
Sq,kX (x) if one of the limits exists.
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Proof. First we will prove that
lim sup
k
k−nSq,kX (x) ≤ Sqx,Cn(0)
By denition, there is a unit norm sequene αk in H0,q(X,Lk) suh that
lim sup
k
k−nSq,kX (x) = lim sup
k
k−n |αk(x)|2 .
Now onsider the sequene β(k) := k−
1
2
nα(k), where β(k) is a form on the
ball B√kRk that we identify with a form in L
2
φ0
(Cn), by extending with zero.
Note that
lim sup
k
∥∥β(k)∥∥2
φ0
= lim sup
k
k−n
∥∥α(k)∥∥2
φ0,B√kRk
≤ lim sup
k
‖αk‖2X = 1,
where we have used the norm loalization 3.5. Aording to the previous
lemma there is a subsequene of
{
β(kj)
}
that onverges uniformly with all
derivatives to β on any ball in Cn, where β is smooth and ‖β‖2φ0 ≤ 1. Hene,
we have that ∆∂,φ0β = 0, whih follows from the expansion 3.4, showing
that
lim sup
k
k−nSq,k(x) = lim
j
∣∣β(kj)(0)∣∣2 = |β(0)|2 ≤ |β(0)|2‖β‖2φ0 ≤ Sqx,Cn(0),
Moreover, by proposition 4.3,
Sqx,Cn(0) = B
q
x,Cn(0) =
1
πn
1X(q)(x)
∣∣∣∣detω( i2∂∂φ)x
∣∣∣∣ .
Lemma 2.1, then shows that limk B
q,k
X (x) = 0 outside the set X(q).
Next, if x is in X(q) we may assume that λ1 up to λq are the negative
eigenvalues. By 3.7 we then have that βI = 0 if I 6= (1, 2, ..., q). We dedue
that for I 6= (1, 2, ..., q) :
lim k−nj S
kj ,q
I (0) = lim k
−n
j
∣∣∣αIkj(0)∣∣∣2 = ∣∣βI(0)∣∣2 = 0.
This proves that
lim k−nSk,qI (0) = 0,
if I 6= (1, 2, ..., q). Finally, lemma 2.1 shows that
lim sup
k
k−nBk,qX (x) ≤ 0 + 0 + ... + Sqx,Cn(0) = Bqx,Cn(0),
whih nishes the proof of the theorem. 
As a orollary we obtain Demailly's weak holomorphi Morse inequalities:
Corollary 3.3. Suppose that X is ompat. Then
dimCH
0,q
∂
(X,Lk) ≤ kn (−1)
q
πn
1
n!
∫
X(q)
(
i
2
∂∂φ)n + o(kn).
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Proof. Let us rst show that the sequene k−nSq,kX (x) is dominated by a
onstant if X is ompat. Sine X is ompat it is enough to prove this for
a suintly small neighbourhood of a xed point x0. Now, for a given form
αk in H0,q(X,Lk) onsider its restrition to a ball of radius 1√k with enter
in x0. Using Gårding's inequality 3.6 as in lemma 3.1, we see that there is
a onstant C(x0), depending ontinuosly on x0 suh that
|αk(x0)|2 ≤ C(x0)
∥∥α(k)∥∥2
φ0,B1
for k larger than k0(x0), say. Morever, we may assume that the same k0(x0)
works for all x suiently lose to x0. Using the norm loalization 3.5 we
get that
k−n |αk(x0)|2 ≤ 2C(x0)
∥∥αk∥∥2
X
for k larger than k1(x0) and the same k1 works for all x suiently lose to
x0. This proves that k
−nSq,kX (x) is dominated by a onstant if X is ompat.
By 2.1 and the fat that X has nite volume, this means that the sequene
k−nBq,kX (x) is dominated by an L
1−funtion. Finally, the Hodge theorem
shows that
lim sup
k
dimC k
−nH0,q
∂
(X,Lk) = lim sup
k
∫
X
k−nBq,kX
and Fatou's lemma yields, sine the sequene k−nBq,kX is L
1− dominated,∫
lim sup k−nBq,kX ≤
(−1)q
πn
∫
X(q)
(
i
2
∂∂φ)n,
where we have used the previous theorem and the fat that
1
n!
(
i
2
∂∂φ)n = (−1)q
∣∣∣∣detω( i2∂∂φ)x
∣∣∣∣V olX
on X(q). 
Remark 3.4. If there is no point where the urvature two-form is non-
degenerate and has exatly one negative eigenvalue, then Demailly observed
(see [6℄) that ombining his weak inequalities with their strong ounterparts,
gives that
dimCH
0,q
∂
(X,Lk) = kn
(−1)q
πn
1
n!
∫
X(0)
(
i
2
∂∂φ)n + o(kn).
Now, if one also uses theorem 1.1
5
one gets the following asymptoti ex-
pression for the Bergman kernel funtion:
lim sup
k
1
kn
B0,kX (x) =
1
πn
∣∣∣∣detω( i2∂∂φ)x
∣∣∣∣ ,
5
Only the ase when q = 0 is needed. This ase is onsiderably more elementary
than the other ases. Indeed, all setions are holomorphi (independently of k) and one
an use the submean inequality for holomorphi funtions, without invoking the saled
Laplaian.
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almost everywhere on the part ofX where the urvature two-form is stritly
positive (on the omplement the limit is zero). This seems to be a new
result. In ase L is strily positive on all of X a omplete asymptoti
expansion of B0,kX is known ([19℄).
4. The model ase
In this setion we will be onerned with C
n
with its standard metri.
Any smooth funtion φ denes a hermitian metri on the trivial line bundle
and assoiated bundles, via |1|2φ (z) = e−φ(z). Expliitly, this means that if
α0,q =
∑
I fIdz
I
is a (0, q)−form on Cn , then∣∣α0,q∣∣2
φ
(z) =
∑
I
|fI(z)|2 e−φ(z).
The standard dierential operators on smooth funtions are extended to
operators on forms, by letting them at omponentwise. We denote by
∂
∂zi
∗
the formal adjoint of
∂
∂zi
with respet to the norm indued by φ. A partial
integration shows that
(4.1)
∂
∂zi
∗
= eφ(− ∂
∂zi
)e−φ = − ∂
∂zi
+ φz
The following lassial ommutation relations ([11℄) are essential for what
follows:
(4.2)
∂
∂zi
∂
∂zj
∗
− ∂
∂zj
∗ ∂
∂zi
= φzizj
In this setion φ = φ0 :=
∑n
i=1 λi |zi|2 , so that the right hand side simplies
to δijλii.
The next lemma gives an expliit expression for ∆∂,φ0 , that will enable
us to ompute the model Bergman kernel funtion.
Lemma 4.1. We have that
∆∂(fdz
I) = (
∑
i∈I
∂
∂zi
∂
∂zi
∗
+
∑
i∈Ic
∂
∂zi
∗ ∂
∂zi
)fdzI =: (∆∂,If)dz
I),
with respet to the ber metri φ0 on the trivial line bundle.
Proof. All adjoints and formal adjoints are taken with respet to φ0. The
following notation will be used. We let dzi at on forms by wedge multipli-
ation, and denote the adjoint by dzi∗. Then we have the anti-ommutation
relations
(4.3) dz
i
dz
j∗
+ dz
j∗
dz
i
= 0 if i 6= j
Also,
(4.4) (dz
i∗
dzi)dzJ =
{
1, i /∈ J
0, i ∈ J (dz
i
dz
i∗
)dzJ =
{
0, i /∈ J
1, i ∈ J
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∂ an now be expressed as
∂ =
∑
i
∂
∂zi
dz
i
=
∑
i
dz
i ∂
∂zi.
Applying ∗ to this relation immediately yields
∂
∗
=
∑
i
∂∗
∂zi
dz
i∗
=
∑
i
dz
i∗ ∂∗
∂zi.
.
Now we ompute ∆∂ := ∂∂
∗
+ ∂
∗
∂ :
∂∂
∗
+ ∂
∗
∂ =
∑
i,j
∂
∂zi
∂∗
∂zj
dz
i
dz
j∗
+
∑
i,j
∂∗
∂zj
∂
∂zi
dz
j∗
dz
i
.
By applying 4.3 to seond term and splitting the sum this equals∑
i
∂
∂zi
∂∗
∂zi
dz
i
dz
i∗
+
∑
i
∂∗
∂zi
∂
∂zi
dz
i∗
dz
i
+
∑
i 6=j
(
∂
∂zi
∂∗
∂zj
− ∂
∗
∂zj
∂
∂zi
)dz
i
dz
j∗
.
Aording to the ommutation relation 4.2 the seond sum vanishes and
4.4 nally gives that
(∂∂
∗
+ ∂
∗
∂)(fdzI) = (
∑
i∈I
∂
∂zi
∂
∂zi
∗φ0
+
∑
i∈Ic
∂
∂zi
∗φ0 ∂
∂zi
)fdzI .

In order to be able to integrate partially in Cn without getting boundary
terms, the following lemma is useful. See [10℄ for a slightly more general
proof. The point is to hoose χR(z) = (χ(
z
R
))2, where χ is a smooth
ompat supported funtion, that equals 1 on the unit ball, say.
Lemma 4.2. There is an exhaustion sequene χR suh that for any smooth
funtion f and smooth (0, q)− form α with f, ∂
∂zi
f, α and (∂ + ∂
∗
)α in
L2φ0(C
n)
lim
R
〈∆∂α, χRα〉 =
∥∥∥(∂ + ∂∗)α∥∥∥2
φ0
, lim
R
〈
∂
∂zi
∗ ∂
∂zi
f, χRf
〉
=
∥∥∥∥ ∂∂zi f
∥∥∥∥2
and similarly for
∥∥∥ ∂∗∂zif∥∥∥2 .
Next, we turn to the Bergman kernel funtion Bqφ0,Cn(z) and the extremal
funtion Sqφ0,Cn(z). They are dened as in setion 2 but with respet to the
spae H0,qφ0 (Cn) of all (0, q)−forms in Cn, that are ∂−harmoni with respet
to the ber metri φ0 and have nite L
2
norm with respet to φ0. Note that
with notation as in setion 1.1,
Bqφ0,Cn(z) = B
q
x,Cn(z)
if φ(z) = φ0(z) + O(|z|3) is the loal expression of the ber metri of L at
the point x in X.
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The proof of the following proposition is based on a redution to the ase
when q = 0 and we are onsidering holomorphi funtions in the so alled
Fok spae. Then it is well-known that
(4.5) Bqx,Cn(z) = S
q
Cn
(0) =
1
πn
|λ1| |λ2| · · · |λn| .
Indeed, if f is holomorphi, then |f |2 is subharmoni. Hene,
(4.6)
∫
∆R
|f(0)|2 e−kφ0(z) ≤
∫
∆R
|f(z)|2 e−kφ0(z),
where ∆R is a polydis of radius R and where we have used that φ0 is radial
in eah variable. Letting R tend to innity, shows 4.5 for Sq
Cn
(0).
Proposition 4.3. Assume that q of the numbers λi are negative and the
rest are positive. Then
Bqφ0,Cn(0) = S
q
φ0,Cn
(0) =
1
πn
|λ1| |λ2| · · · |λn| ,
Otherwise there are no ∂−harmoni (0, q)−forms in L2φ0(Cn), i.e.
Bq
Cn
(0) = Sq
Cn
(0) = 0.
With notation as in setion 1.1 this means that
Bqx,Cn(0) = S
q
x,Cn(0) =
1
πn
1X(q)(x)
∣∣∣∣detω( i2∂∂φ)x
∣∣∣∣
Proof. Suppose that α0,q =
∑
I fIdz
I , α0,q ∈ L2φ0(Cn) and ∆∂,φ0α0,q = 0.
Then 〈∆∂α0,q, χRα0,q〉φ0 = 0 and we get that∑
I
〈∆IfI , χRfI〉φ0 = 0.
Letting R→∞ and using lemma 4.2 shows that
(4.7)
∥∥∥∂∗φ0∂zi fI∥∥∥2φ0 = 0, i ∈ I
∥∥∥ ∂∂zi fI∥∥∥2φ0 = 0, i ∈ Ic .
Let FI(ζ) := e
−∑i∈I λi|zi|2fI , where ζi = zi if i ∈ I and ζi = zi if i ∈ Ic.
Then 4.7 and 4.1 implies that FI is holomorphi:
∂
∂zi
FI = 0 for all i.
Moreover,
(4.8) |fI |2φ0 = |FI |
2
ΦI
, ΦI(z) :=
∑
i∈I
−λi |zi|2 +
∑
i∈Ic
λi |zi|2 .
Now assume that it is not the ase that q of the numbers λi are negative and
the rest are positive. Then ΦI(z) =
∑n
i=1 Λ
I
i |zi|2 , with some ΛIi := ΛIiI ≤ 0.
By assumption,
∫ |fI |2 e−φ <∞. Now 4.8 and Fubini-Tonelli's theorem give
that ∫
|FI(0, .., ziI , 0, ..)|2φI e
−ΛIiI |ziI |2 <∞.
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Sine
∂
∂ziI
FI = 0 and Λ
I
iI
≤ 0 this fores FI(0, .., ziI , 0, ..) ≡ 0 and in
partiular fI(0) = 0,
6
whih proves that Bq
Cn
(0) = Sq
Cn
(0) = 0.
Finally, assume that q of the numbers λi are negative and the rest are
positive. We may assume that λ1 up to λq are the negative ones. Then the
same argument as the one above gives that fI(0) = 0 if I 6= I0 := (1, 2, ..., q).
Now sine ΛI0i > 0 for all i we get
Sq
Cn
(0) = sup
|α(x)|2
‖α‖2φ0
= sup
|fI0(x)|2
‖fI0‖2φ0
= sup
|FI0(x)|2
‖FI0‖2ΦI
=
Λ1Λ2 · · · Λn
πn
,
where we have used 4.5 in the last step. Sine Λi = |λi|this proves the
statement about Sq
Cn
(0). The proof is nished by observing that Sq
Cn
(0) =
Bq
Cn
(0). This follows from lemma 2.1, but it is also easy to see diretly in
this speial ase, sine all the omponents FI vanish if I 6= (1, 2, ..., q). 
Remark 4.4. The statement 3.7 also follows from the previous proof.
A similar argument to the one in the previous proof shows that if ∂∂φ0
is non-degenerate and if it is not the ase that q of the numbers λi are
negative and n − q of the numbers are positive, then there is an apriori
estimate of the form
‖αq‖2 ≤ Cq(
∥∥∂αq∥∥2 + ∥∥∥∂∗αq∥∥∥2),
where the norms are taken with respet to φ0. The result appears already
in Hörmander's seminal paper [11℄ and it an be used to give a diret proof
of the fat that the global Bergman kernel funtion Bq,kX vanishes (modulo
terms of order o(kn) at a point outside X(q), where the urvature two-form
is non-degenerate.
5. The strong holomorphi morse inequalities
In this setion X is assumed to be ompat. While the weak holomorphi
Morse inequalities give estimates on individual ohomology groups, their
strong ounter parts say that
(5.1)
q∑
j=0
(−1)q−j dimCHj(X,Lk) ≤ kn (−1)
q
πn
1
n!
∫
X(≤q)
(
i
2
∂∂φ)n + o(kn).
Let Hq≤νk(X,Lk) denote the spae spanned by the eigenforms of ∆∂ whose
eigenvalues are bounded by νk and denote by B
q,k
≤νk the Bergman kernel
funtion of the spaeHq≤νk(X,Lk). Extending the previous methods (setion
3) we will show the asymptoti equality
lim
k
k−nBq,k≤νk(x) =
1
πn
1X(q)
∣∣∣∣detω( i2∂∂φ)x
∣∣∣∣ ,
6
this follows for example from the submean inequality 4.6
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where {νk} is a judiially hosen sequene. From its integrated version
dimCHq≤νk(X,Lk) = kn
(−1)q
πn
1
n!
∫
X(q)
(
i
2
∂∂φ)n + o(kn)
one an then dedue the strong inequalities 5.1 as in [5℄. The basi idea is
as follows. First we obtain an upper bound on the orresponding Bergman
kernel funtion, by a diret generalizaton of the harmoni ase: the loal
weak Morse inequalities. We just have to make sure that terms of the form∥∥∥(∆(k)
∂
)mβ(k)
∥∥∥2√
kRk
, whih are now non-zero, tend to zero with k. Reall,
that ∆
(k)
∂
denotes the ∂-Laplaian with respet to the saled metris on
the ball B√kRk . In fat, for saling reasons they give ontributions whih
are polynomial in
νk
k
. This ditates the hoie νk = µkk with µk tending to
zero with k. The last step is to get a lower bound on the spetral density
funtion on X(q), whih amounts to proving the existene of a unit norm
sequene {αk} in Hi≤νk(X,Lk) with
|ak(x)|2 = kn 1
πn
∣∣∣∣detω( i2∂∂φ)x
∣∣∣∣+ o(kn).
To this end we rst take a sequene {αk} of (0, q)−forms on Cn, whih are
harmoni with respet to the at metri and the ber metri kφ0, having
the orresponding property. The point is that the mass of these forms
onentrate around 0, when k tends to innity. Hene, by utting down
their support to small dereasing balls we obtain global forms α˜k on X, that
are of unit norm in the limit. Moreover, their Laplaians are small. By
utting the high frequenies, that is projeting on Hi≤νk(X,Lk), we nally
get the sought after sequene.
We now proeed to arry out the details of the argument skethed above.
Proposition 5.1. Assume that µk → 0. Then the following estimate holds:
Bq,k≤µkk(x) ≤ kn
1
πn
1X(q)
∣∣∣∣detω( i2∂∂φ)x
∣∣∣∣+ o(kn).
Proof. The proof is a simple modiation of the proof of the loal holo-
morphi Morse inequalities and in what follows these modiations will be
presented. The dierene is that αk is in H0,q≤µkk(X,Lk) and we have to
make sure that the all terms of the form (∆
(k)
∂
)m(k−
n
2α(k)) = (∆
(k)
∂
)m(β(k))
vanish in the limit. But for any ball B,∥∥∥(∆(k)
∂
)mβ(kj)
∥∥∥2
φ0,B
≤ k−n
∥∥∥(∆(k)
∂
)mα(kj)
∥∥∥2
φ0,B√kRk
.≤ k−2m ‖(∆∂)mαk‖2X
and the last term is bounded by a sequene tending to zero:
k−2m(µkk)2m → 0,
sine by assumption αk is of unit norm and in H0,q≤µkk(X,Lk) and µk → 0.
Gårding's inequality as in 3.6 gives that
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∥∥β(kj)∥∥2
φ0,B,2,m
≤ C
(∥∥β(kj)∥∥2
φ0,B
+
∥∥∥(∆(k)
∂
)mβ(kj)
∥∥∥2
φ0,B
)
. (C+(µkj)
2m) . C,
whih shows that the onlusion of lemma 3.1 is still valid. Finally,∆∂β = 0
as before and the rest of the argument goes through word by word. 
The next lemma provides the sequene that takes the right values at a
given point x in X(q), with small Laplaian, that was referred to in the
beginning of the setion.
Lemma 5.2. Let cφ(x) :=
1
pin
∣∣detω( i2∂∂φ)x∣∣ . For any point x0 in X(q)
there is a sequene {αk} suh that ak is in Ω0,q(X,Lk) with
(i) |ak(x)|2 = kncφ(x)
(ii) limk ‖αk‖2 = 1
(iii) ‖k−m(∆∂)mαk‖2X = 0
Moreover, there is a sequene δk , independent of x0 and tending to zero,
suh that
(iv)
〈
k−1∆∂αk, αk
〉
X
≤ δk
Proof. We may assume that the rst q eigenvalues λi,x0 are negative, while
the remaining eigenvalues are positive. Dene the following form in Cn :
β(w) =
( |λ1||λ2|···|λn|
πn
) 1
2
e+
∑q
i=1 λi|wi|2dw1 ∧ dw2 ∧ ... ∧ dwq,
so that
7 |β|2φ0 =
|λ1||λ2|···|λn|
pin
e−
∑n
i=1|λi||wi|2
and ‖β‖φ0,Cn = 1. Observe that β is
in L2,mφ0 , the Sobolev spae with m derivatives in L
2
φ0
, for all m Now dene
αk on X by
αk(z) := k
n
2χk(
√
kz)β(
√
kz),
where χ
k
(w) = χ( w√
kRk
) and χ is a a smooth funtion supported on the unit
ball, whih equals one on the ball of radius
1
2
. Thus |ak(x0)|2 = kncφ(x),
showing (i). To see (ii) note that
(5.2) ‖αk‖2X =k ‖χkβ‖2φ0,Cn = ‖β‖
2
φ0,
1
2
√
kRk
+ ‖χkβ‖2φ0,≥ 12√kRk
and the tail ‖β‖2φ0,≥ 12√kRk tends to zero, sine β is in L
2
φ0
(Cn) and
√
kRk
tends to innity.
Next, we show (iii). Changing variables (proposition 3.3) and using 3.4
gives
(5.3)
∥∥k−m(∆∂)mαk∥∥2X . ∥∥∥(∆(k)∂ )m−1(∆∂,φ0 + ǫkDk)(χkβ))∥∥∥2φ0,√kRk ,
7
ompare the proof of proposition 4.3.
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where Dk is a seond order PDO, whose oeients have derivatives that
are uniformly bounded in k. To see that this tends to zero rst observe that
(5.4)
∥∥∥(∆(k)
∂
)m−1(∆∂,φ0χkβ)
∥∥∥2
φ0,
√
kRk
tends to zero. Indeed, β has been hosen so that ∆∂,φ0β = 0. Moreover,
∆∂,φ0 is the square of the rst order operator ∂+∂
∗,φ0
, whih also annihilates
β and obeys a Leibniz like rule, showing that
∆∂,φ0χkβ = γkβ
where γk is a form, uniformly bounded in k, and supported outside the ball
B 1
2
√
kRk
(γk ontains seond derivatives of χk). Now using 3.4 again we see
that 5.4 is bounded by the norm of
γkp(w,w)β,
where p is a polynomial. Thus 5.3 an be estimated by the tail of a on-
vergent integral, as in 5.2 - the polynomial does not eet the onvergene
- whih shows that 5.4 tends to zero. To nish the proof of (iii) it is now
enough to show that ∥∥∥(∆(k)
∂
)m−1Dk(χkβ)
∥∥∥2
φ0,
√
kRk
,
is uniformly bounded. As above one sees that the integrand is bounded by
the norm of
q(w,w)β,
for some polynomial q, whih is nite as above.
To prove (iv) observe that, as above,〈
k−1∆∂αk, αk
〉
=
∥∥∥∥ 1√k (∂ + ∂∗)αk
∥∥∥∥2
X
∼
∥∥∥(∂ + ∂∗(k))(χ√kRkβ)∥∥∥2√kRk .
Hene, by Leibniz' rule〈
k−1∆∂αk, αk
〉
.
∥∥∥(χ√kRk(∂ + ∂∗(k))β∥∥∥2√kRk + C(√kRk)2 ‖β‖2Cn .
Clearly, there is an expansion for the rst order operator (∂ + ∂
∗(k)
) as in
3.4, giving〈
k−1∆∂αk, αk
〉
. εk
(
‖β‖2 +
2n∑
i=1
‖∂iβ‖2
)
+
C
(
√
kRk)2
‖β‖2 .
Note that even if ‖β‖2 is independent of the eigenvalues λi,x0, the norms
‖∂iβ‖2do depend on the eigenvalues, and hene on the point x0. But the
dependene amounts to a fator of eigenvalues and sine X is ompat, we
dedue that ‖∂iβ‖2is bounded by a onstant independent of the point x0.
This shows that 〈k−1∆∂αk, αk〉X ≤ δk. Note that ǫk also an be taken to
be independent of the point x0, by a similar argument. 
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Proposition 5.3. Assume that the sequene µk is suh that µk 6= 0 and
δk
µk
→ 0, where δk is the sequene appearing in lemma 5.2. Then, for any
point x in X(q), the following holds
lim inf k−nBq,k≤µkk(x) ≥
1
πn
∣∣∣∣detω( i2∂∂φ)x
∣∣∣∣
Proof. Let {αk} be the sequene that lemma 5.2 provides and deompose it
with respet to the orthogonal deompositionΩ0,q(X,Lk) = Hq≤µkk(X,Lk)⊕
Hq>µkk(X,Lk), indued by the spetral deomposition of the ellipti opera-
tor ∆∂ :
αk = α1,k + α2,k
First, we prove that
(5.5) lim
k
k−n
∣∣∣α(k)2 (0)∣∣∣2 = 0.
As in the proof of lemma 3.1 we have that
k−n
∣∣∣α(k)2 (0)∣∣∣2 ≤ C(x)(k−n ∥∥∥α(k)2 ∥∥∥2
B1
+ k−n
∥∥∥(∆(k)
∂
)mα
(k)
2
∥∥∥2
,B1
)
.
To see that the rst term tends to zero, observe that by the spetral de-
omposition of ∆∂ :
‖α2,k‖2X ≤
1
µkk
〈∆∂α2,k, α2,k〉X ≤
1
µk
〈
k−1∆∂αk, αk
〉
X
≤ δk
µk
Furthermore, the seond term also tends to zero:
k−n
∥∥∥(∆(k)
∂
)mα
(k)
2
∥∥∥2
B1
≤ ∥∥k−m(∆∂)mα2,k∥∥2X ≤ ∥∥k−m(∆∂)mαk∥∥2X → 0.
by (iii) in lemma 5.2. Finally,
k−nSq,kµkk(x) ≥ k−n
|αk,1(0)|2
‖αk,1‖2X
≥ k−n |α1,k(0)|2 = k−n |αk(0)− α2,k(0)|2 .
By 5.5 this tends to the limit of k−n |αk(0)|2 , whih proves the proposition
aording to (i) in lemma 5.2 and lemma 2.1. 
Now we an prove the following asymptoti equality:
Theorem 5.4. Let (X,ω) be a ompat hermitian manifold. Then
lim k−nBq,k≤µkk(x) =
1
πn
1X(q)
∣∣∣∣detω( i2∂∂φ)x
∣∣∣∣ ,
for some sequene µk tending to zero.
Proof. Let µk :=
√
δk. The theorem then follows immediately from propo-
sition 5.1 and proposition 5.3 if x is in X(q). If x is outside of X(q) then
the upper bound given by 5.1 shows that limk B
q,k
≤µkk(x) = 0, whih nishes
the proof of the theorem. 
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